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Abstract - In this paper, the local fractional decomposition
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I. INTRODUCTION

Fractal is a mathematical set that typically displays self-similar
patterns. Fractals are usually nowhere differentiable. These
fractals are used in many engineering applications such as
porous media modelling, nano fluids, fracture mechanics and
many other applications in nanoscale. The fractals nature of
the objects must be taken into account in various transport
phenomena. The local temperature depends on the fractal
dimensions for the transport phenomena in the fractals object.
To solve the linear and non-linear problems of ordinary, partial
differential equation and integral equations, Adomain
introduced a method called the decomposition method. Also
inorder to investigate local fractal behaviours of differential
equations with fractal conditions,a new tool has been designed
called the local fractional derivation.The local fractional
variational iteration method local fractional decomposition
method etc, are the analytical methods used to solve the
differential and integral equations with fractional derivative
and integral operator.

Il. PRELIMINARIES
Local fractional continuity of functions

Definitionl. If there is the relation

(o) — flagd = &%
withix — x|l = & fors, & = Dand & & € R,
Now fix} is called local fractional continuous atx = xg,
denoted by lim.._. flx} = fxg).
Then f(x7 is called local fractional
interval{a. &), denoted by f(x € (e b},
Local fractional integrals

continuous on the

Definition2. Settingf (x £ (. &}, local fractional integral of
fx) of order « in the interval [z 5] is defined

oy flx) = —— I f{)(dn)®
= —limye o BTN T (B8,
Where
=t —t At = Tﬂ:{{.:'.t_ At A
And
ltntie]j =0,s.N = Lty = at, = b, is a partition of the

interval [z, 5], For more detail of fractal geometrical
explanation of local fractional integral, we see

For any x £ {&.b7, there exists

ofy F(2),
denoted by

FG) e 1% (a, b).
Here, the following results are valid:

1) If i) e 1.5 (a5}, one deduce to
flx) e Cyla.b).

2) Ifa =1k, then we have

Ay flx) =0,
3) Ifa = b, then we have
Ao Fl) = — 1 % Flx)
4) If there is the fractal dimension a=0, then we have
ods ) = Fx).
5) The sine sub-function can be written as

Sin, x %
== !
L E(2Zh+1)

= ) (-1)f — —,
Z 7T+ a(Zk + 1]

K=

0=m=l
6) There is a useful formula
L ] T 1'":1—.&;&] R o
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I11. WEYL FRACTIONAL DERIVATIVES

When the fixed limit of differentiation x, takes on the singular
values @z or—uzis used. We obtain expressions which are often
called “weyl fractional derivatives.”

They are
DE _Fix)
CO™ =, o
= FUt)(t — x)y~%" ~dt
M-y J, 75
(where some suitable branch of {—177% must be specified)
and
DE _Fix)
CO™ =, o
= Fit)(t — x)~* *dt
M(—a) J, 70

IV. ANALYTICAL METHOD
For seek of clarity of the explanation, the local fractional
decomposition method will be briefly outlined.The local
fractional Volterra integral equation is written in the form

«J"

=fld + — Eix, hu(t)(dB)® (1)
and initial condltlon

uplx) = flx). 2)
Substitutingu (x) = £Z_,u,, (x] into equation (1) implies

Ef’.‘_aq“ ()=flx) +
”.
e
- 5 e, T uny ()}, (3)

The components
up ), uy () ug O, Ly (2,
can be completely determined if we set

of the function u(x}

. A . .
U I'f_;r'l = II :"._"x_:r' f'!_.l.-'-.'.:"'|Iz|:'.!-fl‘|ﬁ
e ]-_.I,l_cc._l S L AR A
Jg
. o
. S - .
uglxl = Joy K, thuy ) {d ) 4)
P -.; ‘-“-.“- - o 3 &
o) =—— |, Kix. Euy_ ) {de)”
and so on.

The set above equations can be written in compact recurrence
scheme as

uy(x) = f(x), 5)
and

TR e

:r,: I, E(x, thi, (x)(d)® (6)

Hence, we give the local fractional series solution

e P
ulx) = Uy, bxh

[=]

Definition: Local fractional differential operator

The general local fractional differential equation in a local
fractional differential operator form

S (x) = Flx), 1)

[

.o .
ulx) + R u
X
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in equation (1)1_;.::" is local fractional 2" order differential

operator, which by the definition reads

o)

N ) 3)

is local fractional ¢ *"

“order differential operator [0 = o = 1]
and =(x7 is local fractional continuous.
From equatlon (1),

H £ 2 r Bt
L. ulx) = flx) — B ulx),

Applylng the inverse operator L.~ to both sides of (1) yields

uirkl
"R T ul) + L7 . (4)
If the inverse differential operator L'_::"exists, according to

the local fractional decomposition method mentioned above,
we have

fu alx) = —L_,;._::" Rfu,(x) (5)
IL u, (x) = r(x) '
wherer(x) = L% f(x)
andL,” " ulx)
_ II.- 1 B L .::1 Ix"_. .LII, 1s -.I:I, "'.l‘lf
o | )y Jp e Md e, 15 (de, )%, (6)

Finally, we can find a solution in the form

ulx) = Er_pu, () (7

V. AN ILLUSTRATIVE EXAMPLE

Several illustrative examples demonstrating the efficiency of
the of the suggested local fractional decomposition method are
present next
Example- Solve the local fractional
ulx)

ri“' 1 ~ X
TTl4+a)Tl+e) ), T +a)

Consider the solution in the series form

—_ P
= E Uy (x)

Volterraequation

%

i +
r—1t)

P
5 - =
uiL i ac)

Then substituting this series into the given equation, we have
that

=

D ==
apl |} = L
LY T e T +a) )

— i

rll—gﬂzd IJ’I I|S!|.I

Now decomposing the different terms in the following manner,
we get a set of solutions
£ rd
a __I\r_'l = —
He T(l+a)
1 [ -8®
Ml +ea) J

o P
uglxl = plat]

:
~
i +a) °
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1 flr—t)%
e &

= - - —(at)”
M +e)) Tl +a)TA +a) " -

2 F

~ "Il + 3a)
1
i +e)

W

i +
Ix-:r- - I-.-I

Ml +e)

|'

&
-

e P
U lxl = u, (dt)

"

I.I- + f
W — L} f

| —— ~
Il +ea)\ TQ+3a))

- T

|

&
s

1
T+

£
= -~

P
(dt)
£
1=

T +52)

Continuing in this way we obtain a series

x (2

=sin, (x%)

which is the solution of the given local fractional integral
equation. This result is similar to the Picard’s successive
approximation method for the local fractional Volterra integral
equation.

Example.- Let us consider the local fractional heat conduction
equation with no heat generation in fractal media and
dimensionless variables, which reads

91.. 3

(1)

subject to the following fractal initial boundary conditions
u, (x,0) = 0,ulx,0) = E, (x%),

0=zx=0.)

where in equation (2),

ulx,t) = T(x.t)is the temperature field.
Hence, the recurrence formula takes the form

We can develop a solution in a form of local fractional series,
namely
ulx, )

"

'
E u;(x,

—F ey 13
=E, (2= limy;

ol s

= lim

[=]

=E, (x™) sinh {t™)
where

sinh t®

=

—=ig=0

¢ Y T + 2k + 1))
is a hyperbolic cosine function defined on a Cantor set,
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andE, (x%) = T2, x%% /T(1 + kalis the  Mittag-Leffler
function defined on a Cantor set.
VI. CONCLUSION

In this paper, we have solved the local fractional integral
equation and local fractional differential equations by using
local fractional decomposition method and local fractional
differential operators. The local fractional decomposition
method fouses especially on the approximation methodology
for processing local fractional equations. This method also
been explained using two illustrative problems demonstrating
its accuracy and reliabilities.
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