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Abstract - An acyclic coloring of a graph G is a proper vertex
coloring ( no two adjacent vertices of G have the same color)
such that the induced sub graph of any two color classes is
acyclic. The minimum number of colors required for acyclic
coloring of a graph G is called as its acyclic chromatic number
and is denoted by a(G). In this paper, we present the structure
and coloring algorithm of central graph of Gear Graph G, and
we obtain the exact value of its acyclic chromatic number.
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I. INTRODUCTION

A graph with vertex set V and edge set E is generally denoted
by G = (V,E). All graphs considered here are simple and
undirected. In the whole paper, the term coloring will be used
to define vertex coloring of graphs. A proper coloring of a
graph G is a coloring of the vertices of G such that no two
neighbors in G are assigned the same color.

1.1. Definition

A sub graph H of a graph G is said to be an induced sub graph
if it has all the edges that appear in G over the same vertex set.
The sub graph induced by the vertex set {vi, V,..,V\} is
denoted by <vi,Vs,..,Vi>.

1.2. Definition

A cycle in a graph G is said to be a bicolored (j,k)-cycle if all
its vertices are properly colored with two colors j and k. A
graph G is said to be a (j,k)-cycle free graph if it do not have
any bicolored (j,k)-cycle.

1.3. Definition

A vertex coloring of a graph is said to be acyclic[1] if the
induced sub graph of any two color classes is acyclic. In other
words, the sub graph induced by any two color classes is a
forest.

1.4. Definition

The minimum number of colors needed to a cyclically color
the vertices of a graph G is called as its acyclic chromatic
number and is denoted by a (G).

1.5. Definition

The Gear graph Gy, is the graph obtained from the wheel graph
W,, by introducing a vertex between every pair of adjacent
vertices of the outer n-cycle. So, the Gear graph G, will have
2n+1 vertices and 3n edges. Let v be the root vertex and
V1,Va,...,Voy be the vertices of the outer 2n-cycle. Let
V1,Vs,...,Vong be the vertices connected with v and vy,Va,...,va,
be the intermediate vertices of the outer cycle.
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2.1. Definition

Let G be a graph with vertex set V(G) and edge set E(G). The
central graph of G, denoted by C(G) [ 6], is obtained from G
by subdividing each edge exactly once and joining all the non
adjacent vertices of G.

In C(Gy), let ex( k=1 to n) be the newly introduced vertex on
the edge joining v and vy, and fy ( k= 1 to 2n-1) be the newly
introduced vertex on the edge joining vy and vy, and f,, be the
newly added vertex on the edge v,,v;.

2.2. Structural properties of C(G,)
By definition 2.1, C(G,) has the following structural properties.
(). <Vv,vy ; k= 1to n > form a clique of order n+1.

(i) The neighbors of v are {ex.1( k=1 to n), vy (k=1ton).

(iii).The neighbors of f, ( k= 1 to 2n-1) are {v,Vk.+1} and that of
fon are {van,vi}.

(iv).The neighbors of vy (k= 2 to n) are {faz, 1,211,V (
j=1to 2n and j#2k,2k-2 }

and that of v, are { f,,,f1,€1,V3,V4,...,Von1 }-

(v).The neighbors of vy ( k= 1 to n-1) are {v,focq,favj (j= 1
to 2n and j#£2k-1,2k+1}

and that of vy, are {Vv, fon.1,fon,,V2,Va,...,vono }.

Now, we present the structure algorithm and coloring
algorithm of C(G,)) and then

we obtain the exact value of its acyclic chromatic humber in
the immediate theorem.

2.3. Structure Algorithm of C(G,)
Input : C(G,)

V { V,V1,Vo,...,Von,€1,€3,.. .,eZn_l,fl,fz,. . .f2n}
E « { 61’,62’,. . .,GZH’,Gl”,Gg”,. . -,62n—1”; fl’,fz’,. . .,f2n’,
fl”afz”a' . 'afzn”ahlS’ahlll,a' . -,th-l’,
hjk’(j: 2 to 2n-1, k= J+2 ton )}

fork=1ton
Vey1 €’
A2 — ex’;

Vok-1 B2k.1 < €213

end for
for k= 1to 2n-1
{
Vil — fi’;
end for
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for k=1to 2n-1
{

fiViin — £

end for
foavi  — £
for k=3 to 2n-1
{

ViV« hy’;

end for

for j=2to 2n-2
{

fork=j+2ton

{

ViVk < hjk’;
end for
end for
end procedure

2.4. Coloring Algorithm of C(G,)) ,n > 4.

Input; C(G,)
V « { V,V1,V,...,Von,€1,€3,.. ~:eZn-1yf1:f2y . 'on}
E «— { el’aezya' . -,GZn’ael”,e?,”, .. ~ann—1”: fl’afz,a' . -aon’:

fl”nfz”a' . ‘afzn”zhl?:’ahlél’a' . '9h2n-1’a
hjk’(jz 2 to 2n-1, k= J+2 ton )}
v «—1;
for k=1to 2n
{

fk<—1;

end for
Vi «— 2,

Va3 «3;
fork=3ton

Vi1 <= ntk-1;

end for
fork=1ton
{

r«— kt2;

ifr<n+l,
€1 I

else

€1« 1-N;
}

end for

2.5. Theorem
The acyclic chromatic number of central graph of Gear graph
is a[C(Gy)]=2n-1,n>4.

Proof:

We prove the theorem by showing the coloring, given in the
coloring algorithm, is acyclic. As the two neighbors of e,
have different colors, ve,. 1V €an not be contained in any
bicolored cycle.

Case(i)
Consider the colors 1 and k, k=2,3. The color classes of 1 are
{v, fx ; k= 1 to 2n} whereas the color class of 2 and 3 are

International Journal of Computing Algorithm
Vol 02, Issue 01, June 2013, Page No.75-77
ISSN: 2278-2397

respectively {vi,v,,6s,.1} and {vs,vs,e:}. The induced subgraph
of these color classes contain respectively the bicolored path
foovifiv, and fovafav, and therefore C(G,) is (1,k)-cycle free
graph.

Case(ii)

Consider the colors 1 and k, k= 4 to n+1. As any bicolored
cycle must have atleast four vertices and the color class of k is
{Vaiy} C(Gp) is (1,k)-cycle free graph.

Case(iii)
Consider the colors 1 and k, k= (n+2) to (2n-1). By the same
argument as in case (ii), C(G,) is (1,k)-cycle free graph.

Case(iv)

Consider the colors j and k, j=2,3 and k= 4 to (n+1). The
induced subgraph contains the bicolored path v;vyy.1)v. (when
J:2) and V3V (k-1)Va (When J:3)

Case(v)

Consider the colors j and k, j=2,3 and k= (n+2) to (2n-1). By
the same argument as in case (iv), C(G,) is (j,k)-cycle free
graph.

Case(vi)

Consider the colors j and k, 4 < j < k < (n+1). The induced
subgraph contains only the bicolored edge Vaj.1y Vo) and
hence C(G,) is acyclic.

Case(vii)

Consider the colors j and k, (n+2) <j <k < (2n-1). The induced
subgraph contains only the bicolored edge Vy;.; Va1 and hence
C(G,) is acyclic.

Case(viii)

Consider the colors j and k, 4 <j < k < (2n-1). The induced
subgraph contains either a bicolored edge or isolated vertices
and therefore ,C(G,) is acyclic.

Thus, the coloring given in the algorithm, is acyclic. As C(G)
has a clique of order n+1, a[C(G,)] > (n+1). The colors (n+2)
to (2n-1) are assigned to vs to vy,. If, we suppose assign the
same color to the vertices vy and Vi1, then vivivovievq and
V3V VeV Will form bicolored cycles. So, minimum (2n-1)
colors are required for acyclic coloring.

Therefore, a[C(G,)]=2n-1,n>4
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Fig.1. Ga



Integrated Intelligent Research (1IR)

Fig.2. a[C(Ga)] =7

I11. CONCLUSION

We found the exact value of the acyclic chromatic number of
central graph of Gear graph as follows a[C(G,)] = 2n-1, n > 4.
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